We study liftings of holomorphic maps into some Teichmü ller spaces. We also study the relationship between universal holomorphic motions and holomorphic lifts into Teichmü ller spaces of closed sets in the Riemann sphere.
Introduction
Throughout this paper, we will use the following notations: C for the complex plane,Ĉ C for the Riemann sphere C U fyg, and D for the open unit disk fz A C : jzj < 1g.
Teichmüller space of a plane region.
We begin with the usual definition of the Teichmü ller space of a plane region. For standard facts about classical Teichmü ller spaces, the reader may see any of the following texts: [10] , [11] , [14] , [15] , [21] . Definition 1.1. Let W be a plane region whose complement CnW contains at least two points. By definition, two quasiconformal mappings f and g with domain W belong to the same Teichmü ller class if and only if there is a conformal map h from f ðWÞ onto gðWÞ such that the self-mapping g À1 h f of W is isotopic to the identity rel the boundary of W. This means that g À1 h f extends to a homeomorphism of the closure of W onto itself which is isotopic to the identity by an isotopy that fixes the boundary pointwise. The Teichmüller space TeichðWÞ is the set of Teichmü ller classes of quasiconformal mappings with domain W.
Let
MðWÞ be the open unit ball of the complex Banach space L y ðWÞ. The standard projection F of MðWÞ onto TeichðWÞ maps m A MðWÞ to the Teichmü ller class of any quasiconformal map whose domain is W and whose Beltrami 547 coe‰cient is m. The basepoints of MðWÞ and TeichðWÞ are 0 and Fð0Þ, respectively. It is a standard fact in Teichmü ller theory that TeichðWÞ is a complex Banach manifold such that F is a holomorphic split submersion; see, for example, [21] .
1.2.
Teichmüller space of a closed set in the sphere. Let E be a closed subset inĈ C; we will always assume that E contains the points 0, 1, and y. A homeomorphism ofĈ C onto itself is called normalized if it fixes the points 0, 1, and y. Definition 1.2. Two normalized quasiconformal self-mappings f and g ofĈ C are said to be E-equivalent i¤ f À1 g is isotopic to the identity rel E. The Teichmü ller space TðEÞ is the set of E-equivalence classes of normalized quasiconformal self-mappings ofĈ C. The basepoint of TðEÞ is the E-equivalence class of the identity map.
The following analytic description of TðEÞ will be more useful for our purposes.
Let MðCÞ denote the open unit ball of the complex Banach space L y ðCÞ. Each m in MðCÞ is the Beltrami coe‰cient of a unique normalized quasiconformal homeomorphism w m ofĈ C onto itself. The basepoint of MðCÞ is the zero function.
We define the quotient map P E : MðCÞ ! TðEÞ by setting P E ðmÞ equal to the E-equivalence class of w m , written as ½w m E . Clearly, P E maps the basepoint of MðCÞ to the basepoint of TðEÞ. In [18] Lieb proved that TðEÞ is a complex Banach manifold such that the map P E from MðCÞ to TðEÞ is a holomorphic split submersion; see also [9] for a complete proof. The space TðEÞ is intimately related with holomorphic motions of the closed set E; see §2 for more details.
1.3. Two special cases. Let E be a finite set (0, 1, and y belong to E). Its complement W ¼Ĉ CnE is a sphere with punctures at the points of E, and there is a natural identification of TðEÞ with the classical Teichmü ller space TeichðWÞ. It is defined by setting yðP E ðmÞÞ equal to the Teichmü ller class of the restriction of w m to W. It is clear that y : TðEÞ ! TeichðWÞ is a well-defined map. It is easy to see that the map y is biholomorphic; see Example 3.1 in [19] for the details.
When E ¼Ĉ C, the space TðĈ CÞ consists of all the normalized quasiconformal self-mappings ofĈ C, and the map PĈ C from MðCÞ to TðĈ CÞ is bijective. We use it to identify TðĈ CÞ biholomorphically with MðCÞ.
1.4. Contractibility of TðEÞ. The following fact was proved in §7.13 of [9] . Proposition 1.3. There is a continuous basepoint preserving map s from TðEÞ to MðCÞ such that P E s is the identity map on TðEÞ.
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Since MðCÞ is contractible, it follows that the space TðEÞ is also contractible.
Forgetful maps.
If E is a subset of the closed setÊ E and m is in MðCÞ, then theÊ E-equivalence class of w m is contained in the E-equivalence class of w m . Therefore, there is a well-defined 'forgetful map' pÊ E; E from TðÊ EÞ to TðEÞ such that P E ¼ pÊ E; E PÊ E . It is easy to see that this forgetful map is a basepoint preserving holomorphic split submersion.
1.6. Changing the basepoint. Let w be a normalized quasiconformal selfmapping ofĈ C, and letẼ E ¼ wðEÞ. By definition, the allowable map g from TðẼ EÞ to TðEÞ maps theẼ E-equivalence class of f to the E-equivalence class of f w for every normalized quasiconformal self-mapping f ofĈ C. See §7.12 in [9] or §6.4 in [19] for a complete proof.
1.7. Statement of the main theorem. The main purpose of this paper is to give a self-contained proof of the following theorem.
The Main Theorem. Let E ¼ f0; 1; y; z 1 ; . . . ; z n g where z i 0 z j for i 0 j, and z i 0 0; 1; y for all i ¼ 1; . . . ; n. LetÊ E ¼ E U fz nþ1 g where z nþ1 is any point inĈ Cnf0; 1; yg distinct from z i for all i ¼ 1; . . . ; n. Then, given any holomorphic map f from D into TðEÞ, there exists a holomorphic mapf f from D into TðÊ EÞ, such that pÊ E; E f f ¼ f .
Remark. This ''lifting problem'' was mentioned in §7 of the classic paper [5] , and the authors called it ''a di‰cult open problem.'' With the publication of [22] , it became possible to give a quick solution of this problem, using Slodkowski's theorem. We shall discuss this in more details in §4. More recently, Chirka (in [4] ) published a new proof of Slodkowski's theorem. See also [3] , [6] , [12] , and [14] . The novelty of our present paper is that we use some ideas of Chirka and a theorem of Nag ([20] ) to give a direct proof of the above theorem. Our approach, therefore, also gives a new interpretation of Chirka's methods. liftings of holomorphic maps
Holomorphic lifts and universal holomorphic motions
In this section we study the interesting relationship between ''holomorphic lifts'' and ''universal holomorphic motions.'' The main purpose in this section is to prove a result of Bers-Royden (Proposition 4 in [5] ) in its fullest generality.
Holomorphic motions.
Definition 2.1. Let V be a connected complex manifold with a basepoint x 0 and let E be any subset ofĈ C. A holomorphic motion of E over V is a map f : V Â E !Ĉ C that has the following three properties:
(i) fðx 0 ; zÞ ¼ z for all z in E, (ii) the map fðx; ÁÞ : E !Ĉ C is injective for each x in V , and (iii) the map fðÁ; zÞ : V !Ĉ C is holomorphic for each z in E.
We say that V is a parameter space of the holomorphic motion f. We will assume that f is a normalized holomorphic motion; i.e. 0, 1, and y belong to E and are fixed points of the map fðx; ÁÞ for every x in V . Definition 2.2. Let V and W be connected complex manifolds with basepoints, and f be a basepoint preserving holomorphic map of W into V . If f is a holomorphic motion of E over V , its pullback by f is the holomorphic motion f Ã ðfÞðx; zÞ ¼ fð f ðxÞ; zÞ for all ðx;
If E is a proper subset ofÊ E and f : V Â E !Ĉ C,f f : V ÂÊ E !Ĉ C are two holomorphic motions, we say thatf f extends f iff fðx; zÞ ¼ fðx; zÞ for all ðx; zÞ in V Â E.
Universal holomorphic motion of E.
Henceforth, we shall always assume that E is a closed subset ofĈ C and that 0, 1, and y belong to E. Definition 2.3. The universal holomorphic motion C E of E over TðEÞ is defined as follows:
C E ðP E ðmÞ; zÞ ¼ w m ðzÞ for m A MðCÞ and z A E:
The definition of P E in §1 guarantees that C E is well-defined. It is a holomorphic motion since P E is a holomorphic split submersion and m 7 ! w m ðzÞ 550 yunping jiang, sudeb mitra and zhe wang is a holomorphic map from MðCÞ toĈ C for every fixed z inĈ C (by Theorem 11 in [2] ).
This holomorphic motion is ''universal'' in the following sense:
If V is simply connected, then there exists a unique basepoint preserving holomorphic map f : V ! TðEÞ such that f
For a proof see §14 in [19] .
In what follows, B is a path-connected topological space. Let HðĈ CÞ denote the group of homeomorphisms ofĈ C onto itself, with the topology of uniform convergence in the spherical metric. As usual, E is a closed set inĈ C, and 0, 1, and y are in E. The following two lemmas were proved in [19] . For the reader's convenience, and to make our paper self-contained, we are including the proofs.
Lemma 2.5. Let h : B ! HðĈ CÞ be a continuous map such that hðxÞðeÞ ¼ e for all x in B and for all e in E. If hðx 0 Þ is isotopic to the identity rel E for some fixed x 0 in B, then hðxÞ is isotopic to the identity rel E for all x in B.
Proof. Let x be any point in B. Choose a path g : ½0; 1 ! B such that gð0Þ ¼ x 0 and gð1Þ ¼ x. It is clear that the map ðt; zÞ 7 ! hðgðtÞÞðzÞ from ½0; 1 ÂĈ C toĈ C is an isotopy rel E between hðx 0 Þ and hðxÞ. r Lemma 2.6. Let f and g be two continuous maps from B to TðEÞ, satisfying: (i) C E ð f ðxÞ; zÞ ¼ C E ðgðxÞ; zÞ for all z A E and x A B, and
Then, f ðxÞ ¼ gðxÞ for all x in B.
Proof. By Proposition 1.3, there exists a basepoint preserving continuous map s : TðEÞ ! MðCÞ such that P E s is the identity map on TðEÞ. For each x in B, define mðxÞ ¼ sð f ðxÞÞ and nðxÞ ¼ sðgðxÞÞ. We will show that the quasiconformal map hðxÞ ¼ ðw mðxÞ Þ À1 w nðxÞ is isotopic to the identity rel E. That will prove our lemma.
Since m and n are continuous maps of B into MðCÞ and HðĈ CÞ is a topological group, Lemma 17 of [2] implies that h is a continuous map of B into HðĈ CÞ.
By condition (i) and Definition 2.3, we have w mðxÞ ðzÞ ¼ C E ð f ðxÞ; zÞ ¼ C E ðgðxÞ; zÞ ¼ w nðxÞ ðzÞ for all x in B and z in E. Therefore, hðxÞ fixes the set E pointwise for each x in B. By condition (ii), hðx 0 Þ is isotopic to the identity rel E. It follows by Lemma 2.5, that hðxÞ is isotopic to the identity rel E for all x in B. r 551 liftings of holomorphic maps Let E andÊ E be any two closed subsets ofĈ C such that E HÊ E (as in §1, we assume that 0, 1, and y belong to both E andÊ E). Recall from §1.5, the forgetful map pÊ E; E from TðÊ EÞ to TðEÞ such that P E ¼ pÊ E; E PÊ E . The following is a consequence of Lemma 2.6. Here, C E is the universal holomorphic motion of E and CÊ E is the universal holomorphic motion ofÊ E.
Lemma 2.7. Let V be a connected complex Banach manifold with basepoint, and let f and g be basepoint preserving holomorphic maps from V into TðEÞ and TðÊ EÞ respectively. Then pÊ E; E g ¼ f if and only if g
See §13 in [19] for the proof.
A proposition.
We prove the following generalization of Proposition 4 in [5] . This is an easy consequence of Theorem 2.4 and Lemma 2.7, and shows the importance of universal holomorphic motions.
Proposition 2.8. Let V be a simply connected complex Banach manifold with a basepoint. The following statements are equivalent:
(1) Every holomorphic motion f :
For every basepoint preserving holomorphic map f : V ! TðEÞ, there exists a basepoint preserving holomorphic map g : V ! TðÊ EÞ such that f ¼ pÊ E; E g.
Proof.
(1) ) (2): Let f : V ! TðEÞ be a basepoint preserving holomorphic map. Then, f Ã ðC E Þ :¼ f is a holomorphic motion of E over V . By (1) there exists a holomorphic motionf f : V ÂÊ E !Ĉ C such thatf f extends f. By Theorem 2.4, there exists a basepoint preserving holomorphic map g : V ! TðÊ EÞ such that g Ã ðCÊ E Þ ¼f f. Sincef f extends f, it follows by Lemma 2.7 that pÊ E; E g ¼ f .
(2) ) (1): Let f : V Â E !Ĉ C be a holomorphic motion. By Theorem 2.4, there exists a basepoint preserving holomorphic map f : V ! TðEÞ such that f Ã ðC E Þ ¼ f. By (2) there exists a basepoint preserving holomorphic map g : V ! TðÊ EÞ such that f ¼ pÊ E; E g. Let g
Ã ðCÊ E Þ :¼f f; then,f f is a holomorphic motion ofÊ E over V . It follows by Lemma 2.7 thatf f extends f. (1) Every holomorphic motion f : V Â E !Ĉ C extends to a holomorphic motionf f : V ÂĈ C !Ĉ C. (2) For every basepoint preserving holomorphic map f : V ! TðEÞ, there exists a basepoint preserving holomorphic map g : V ! MðCÞ such that f ¼ P E g.
Proof of the main theorem
Recall
for jzj b 1 and for all 1 a i a n. Furthermore, we extend g i toĈ C as follows:
for jzj a 1 and for all 1 a i a n. We have the following: (a) g i ðyÞ ¼ g i ð0Þ ¼ z i for i ¼ 1; . . . ; n; (b) for any fixed z AĈ C, g i ðzÞ 0 g j ðzÞ for 1 a i 0 j a n and g i ðzÞ 0 0; 1; y for all i ¼ 1; . . . ; n; (c) g i ðzÞ is a bounded function onĈ C. So, there is a constant C 0 > 0 such that
for all z AĈ C and for all 1 a i a n. Moreover, there is a number d > 0 such that
for all 1 a i 0 j a n and for all z AĈ C. Furthermore, ðqg i =qzÞðzÞ ¼ 0 for z A D and there is a constant C 1 > 0 such that qg i qz ðzÞ a C 1 ð3:2Þ for all z AĈ C and for all 1 a i a n.
Choose a C y function 0 a lðxÞ a 1 on R þ ¼ fx b 0g such that lð0Þ ¼ 1 and lðxÞ ¼ 0 for x b d=2. Define Proof. Item (i) follows, since, if a point w is within distance d=2 of one of the values g i ðzÞ, it must be at a distance greater that d=2 from any of the other values g j ðzÞ (see (3.1)).
Item (ii) follows from (i) because there can be only one term in (3.3) which is nonzero and that term is bounded by the bound on ðqg j =qzÞðzÞ by (3.2).
Item (iii) follows because if z A D, then ðqg i =qzÞðzÞ ¼ 0, and if w AĈ CnD R , then jw À g i ðzÞj b d=2 for all z AĈ C and for all i ¼ 1; . . . ; n. Therefore, lðjw À g i ðzÞjÞ ¼ 0 for all i ¼ 1; . . . ; n. Thus, Yðz; wÞ ¼ 0 for ðz; wÞ A ðD Â CÞ U ðĈ C Â ðD R Þ c Þ. To prove (iv), we note that there is a constant C 2 > 0, such that jlðxÞ À lðx 0 Þj a C 2 jx À x 0 j. Since jðqg i =qzÞðzÞj a C 1 , we have jYðz; wÞ À Yðz;
Since only one of the terms in the sum (3.3) for Yðz; wÞ is nonzero and possibly some di¤erent term is nonzero in the sum for Yðz; w 0 Þ, we obtain jYðz; wÞ À Yðz; w 0 Þj a 2C 1 C 2 jw À w 0 j: and Q : CðCÞ ! L y ðCÞ is a continuous operator. In the theory of quasiconformal mappings, the P-operator is defined by
where f A L y ðCÞ and has a compact support in C. Then, Pf ðzÞ ! 0 as z ! y. Furthermore, if f is continuous and has compact support, one can show that qðP f Þ qz ðzÞ ¼ f ðzÞ; z A C ð3:5Þ and using the notion of generalized derivatives, equation (3.5) is still true almost everywhere, if we only know that f has compact support and is in L p , for p b 1. A classical result in the theory of quasiconformal mappings (see [1] ) is that P transforms L y functions with compact support in C to Hö lder continuous functions with Hö lder exponent 1 À 2=p for every p > 2. A stronger result says that P carries L y functions with compact supports to functions with an je logðeÞj modulus of continuity (see [12] ). More precisely, for any R > 0, there exists a constant BðRÞ > 0, depending on R such that , where AðRÞ depends only on R and a. Now consider the operator
Clearly, it is a continuous operator from CðCÞ into itself. 
Then, for any f A CðCÞ, Kf is a-Hölder continuous with a Hölder constant
where H is independent of f .
Proof. From (3.6), we have
This completes the proof. r Lemma 3.4. For any e > 0, there exists an R > 0, such that jKf ðzÞj < e for all f A CðCÞ and z A C with jzj b R.
Proof. Since kQf k y a C 1 from (ii) of Lemma 3.1, and the support of Qf is in D, by (iii) of the same lemma, when jzj b 2, we have
where t ¼ x þ ih. Hence we are done. r
Remark. We know that jKf ðzÞj ! 0 if jzj ! y. However, to check compactness of the operator K, we need a kind of uniformity around z ¼ y, like the existence of R > 0 independent of f A CðCÞ in the above lemma.
In fact, from Lemma 3.2, we know that the family fKf g f A CðCÞ is uniformly bounded, and from Lemma 3.3, it follows that the family is equicontinuous.
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Àjzjþ2n
for z A C. Then, each f n is 2-Lipschitz and satisfies k f n k a 2 and f n ðzÞ ! 0 as jzj ! y (and hence it is an a-Hö lder function for all a A ð0; 1 whose Hö lder norm depends only on a). However, the family f f n g n A N is not compact in CðCÞ.
The above lemmas imply that K : CðCÞ ! CðCÞ is a continuous compact operator. Recall from the statement of the main theorem that z nþ1 is any point inĈ Cnf0; 1; yg distinct from z 1 ; . . . ; z n . For z nþ1 , let
It is a bounded convex subset in CðCÞ. The continuous compact operator z nþ1 þ K maps B into itself. By Schauder fixed point theorem (see Theorem 2A on page 56 of [24] ) z nþ1 þ K has a fixed point in B. That is, there is a g nþ1 A B such that g nþ1 ðzÞ ¼ z nþ1 þ Kg nþ1 ðzÞ for all z A C:
Since Qf ðzÞ has a compact support in D for any g A CðCÞ, Kg nþ1 ðzÞ ! 0 as z ! y. So, g nþ1 can be extended continuously to y such that g nþ1 ðyÞ ¼ z nþ1 . This means that e Pc Á f is holomorphic on C. When z ! y, Pc ! 0 and fðzÞ ! 0. This implies that e Pc Á f is bounded on C. Thus, e Pc Á f is a constant function. But fðyÞ ¼ 0, and so e Pc Á f 1 0. Hence, fðzÞ 1 0 and gðzÞ ¼g gðzÞ for all z A C. Therefore, g nþ1 ðzÞ is holomorphic on D.
For z i , 1 a i a n, consider Thus, g i ðzÞ is the unique solution of the operator z i þ K. We claim that g nþ1 ðzÞ 0 g i ðzÞ for all z A C and 1 a i a n. To prove this, we assume that there is a point a AĈ C such that g nþ1 ðaÞ ¼ g i ðaÞ. It is clear that a 0 y. Then, we have When z ! y, Pc ! 0 and fðzÞ ! z nþ1 À z i . This implies that e Pc Á f is bounded on C. Thus, e Pc Á f is a constant function. But fðyÞ ¼ z nþ1 À z i and so
By our assumption, fðaÞ ¼ 0, which is impossible. Now, let
: w i 0 w j for i 0 j and w i 0 0; 1 for all i ¼ 1; . . . ; n þ 1g:
We can define a holomorphic function Recall thatÊ E ¼ E U fz nþ1 g. By a theorem of Nag (see [20] ), there exists a holomorphic universal covering map p : TðÊ EÞ ! M nþ1 such that p maps the basepoint in TðÊ EÞ to the point ðz 1 ; . . . ; z nþ1 Þ. Since D is simply connected, there exists a holomorphic map f f r : D ! TðÊ EÞ such that p f f r ¼ F r , and we can choosef f r to be basepoint preserving.
Recall from the beginning of §3, that f r ðzÞ ¼ ½w m E . Supposef f r ðzÞ ¼ ½w n Ê E . Then, by §1.5, we have
Consider the two maps f r : D ! TðEÞ and pÊ E; E f f r : D ! TðEÞ. They are both basepoint preserving. Furthermore, at each z i , for i ¼ 1; . . . ; n, we have w m ðz i Þ ¼ w n ðz i Þ. Therefore, by Lemma 2.6, we conclude that pÊ E; E f f r ¼ f r on D. This proves the lifting of the holomorphic map f r on D r .
Since f nþ1; r misses the points 0, 1, and y, the family f f nþ1; r g 0<r<1 forms a normal family. Therefore, there exists a convergent subsequence f nþ1; r k ! f nþ1 when r k ! 1. It is clear that f i; r k ! f i when r k ! 1. We claim that 
Some concluding remarks
In their paper [5] , Bers and Royden showed the intimate relationship between Teichmü ller spaces and holomorphic motions. They noted that the lifting problem in §1.7 is nicely connected with the question of extending holomorphic motions. In fact, in Proposition 2.8 of our paper, let V ¼ D and E andÊ E be the two finite sets given in the statement of our main theorem. Then, by our main theorem and Proposition 2.8, it follows that every holomorphic motion of E over D extends to a holomorphic motion ofÊ E (over D). By Proposition 1 in [5] , it then follows that given any holomorphic motion f : D Â K !Ĉ C, where K is any set inĈ C (not necessarily closed), there exists a holomorphic motionf f : D ÂĈ C !Ĉ C such thatf f extends f.
It is important to note that the lifting problem that we discuss in our main theorem does not work if D is replaced by a domain in C n ðn b 2Þ. In fact, let E andÊ E be the two given finite sets in our main theorem, and n b 2. Then, by our discussion in §1.3, TðEÞ and TðÊ EÞ are the classical Teichmü ller spaces of the sphere with punctures at E andÊ E respectively. Consider the identity map i : TðEÞ ! TðEÞ; if it has a holomorphic lift into TðÊ EÞ, i.e. if there exists a holomorphic map g : TðEÞ ! TðÊ EÞ such that pÊ E; E g ¼ i, then the map g will be a holomorphic section of the map pÊ E; E . This is impossible by a theorem of Earle and Kra; see [7] (also proved by Hubbard in [13] ). By Proposition 2.8, that also means that the universal holomorphic motion C E : TðEÞ Â E !Ĉ C cannot be extended to a holomorphic motion of the setÊ E.
